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Abstract. We call a non-discrete Euclidean building a Bruhat-Tits space if its 
automorphism group contains a subgroup that induces the subgroup generated 
by all the root groups of a root datum of the building at infinity. This is the 
class of non-discrete Euclidean buildings introduced and studied by Bruhat and 
Tits in 0. We give the complete classification of Bruhat-Tits spaces whose 
building at infinity is the fixed point set of a polarity of an ambient building 
of type B2 , F4 or G2 associated with a Ree or Suzuki group endowed with the 
usual root datum. (In the B2 and G2 cases, this fixed point set is a building of 
rank one; in the F4 case, it is a generalized octagon whose Weyl group is not 
crystallographic.) We also show that each of these Bruhat-Tits spaces has a 
natural embedding in the unique Bruhat-Tits space whose building at infinity 
is the corresponding ambient building. 



1. Introduction 

Suppose that X is an irreducible affine building. Typically (and for certain if 
the dimension of X is at least three), the automorphism group of the building at 
infinity of X contains subgroups constituting a root datum defined over a field K . 
In this case the affine building X is uniquely determined by a valuation of this root 
datum which is, in turn, uniquely determined by a discrete valuation of K. 

The notion of a valuation of the root datum of a spherical building makes per- 
fectly good sense if we drop the requirement that the values lie in a discrete subgroup 
of M. In the non-discrete case, there is no longer a corresponding affine building X. 
There does exist, however, an analogous structure called a non-discrete Euclidean 
building. 

Non-discrete Euclidean buildings were first introduced and studied by Bruhat 
and Tits in [2]. These structures were first axiomatized and, in dimension greater 
than two, classified by Tits in [12]. (Other fundamental references about non- 
discrete Euclidean buildings are U and [Sj; see also [T] and fS].) 

Non-discrete Euclidean buildings are sometimes called affine S.-buildings (since 
in the simplest case they are M-trees) or apartment systems (since they have apart- 
ments but are not really buildings) or, as in [4] , simply Euclidean buildings, although 
this term is more commonly synonymous with "affine building." 

In l4.13l below. we propose the term Bruhat-Tits space for the class of non-discrete 
Euclidean buildings that were introduced and studied by Bruhat and Tits in [2]. 
(The term Bruhat- Tits space was used in [5] to describe complete metric spaces that 
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satisfy a certain "semi-parallelogram rule" introduced by S. Lang. This is a more 
general class of metric spaces which includes not only all non-discrete Euclidean 
buildings but also, for example, all simply connected Riemannian manifolds of non- 
positive curvature. We mention too that Bruhat-Tits spaces in our sense are not 
necessarily complete as metric spaces; see Section 7.5 in [2].) 

Suppose now that A is the spherical building (of rank one or two) associated with 
a Ree or Suzuki group. Thus A is the fixed point set of a "polarity" of a building of 
type B2, F4 or G2 which is defined over a field extension K/F, where p :— char(i^) 
equals 2 in the first two cases and 3 in the third case, and the polarity is defined 
in terms of a Tits endomorphism of K (as defined in l5.1[) whose image is F. On 
page 173 of [12 , Tits remarks that an arbitrary valuation v oi K (where "arbitrary" 
means "arbitrary non-trivial real- valued non-archimedean" ) extends to a valuation 
of the root datum of A — and thus there exists a corresponding Bruhat-Tits space 
whose building at infinity is A — if and only if the valuation v is ^-invariant. It is 
the goal of this paper to make this statement more precise and to fill in all the 
details justifying it. 

Here 9-invariant means that vo9 is equivalent to i.e. that v{x) > for x G K* 
if and only if i'{x^) > 0. This is the same as saying that ^{x^) = ^ ■ v{x) for some 
positive real number 7 and all x € K* . Since is a Tits endomorphism of it 
follows that u is (^-invariant if and only if 

for all x G K* . Thus, in particular, v cannot be 0-invariant if it is discrete (since 
the ratio of two values of a discrete valuation is always rational). 

2. Overview 

Continuing to put precision aside for a moment, we can summarize the main 
results of this paper roughly as follows; see also 18.11"! 

Theorem 2.1. Let G he a Ree or Suzuki group. Then the following hold: 

(i) There exists a Moufang building A of type B2, F4 or G2 having a polarity p 
defined over a pair (K, 0) as described in Section 1 such that G is the group 
induced by the centralizer Gq (p) on the set of fixed points of p, where 
G is the subgroup o/Aut(A) generated by the root groups of A. 

(ii) The set A := has the structure of a Moufang building of rank one in 
cases B2 and G2, of rank two whose Weyl group is dihedral of order 16 in 
case F4. 

(iii) For each valuation v of the field K , there exists a unique non-discrete Eu- 
clidean building {X,A) determined by v whose building at infinity is A and 
whose automorphism group induces G on A. 

(iv) Let V and (X,yl) be as in (iii). Then there exists an automorphism p 
of (X,yl) inducing the polarity p on A if and only if v is 9-invariant. 
Furthermore, p, if it exists, is unique. 

(v) If v, {X,A) and p are as in (iv), then there is a canonical non-discrete 
Euclidean building (X,A) contained in the fixed point set of p in {X,A) 
whose building at infinity is A and whose automorphism group contains a 
subgroup inducing G on A. 
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(vi) Every non-discrete Euclidean building (X,A) whose building at infinity is 
A and whose automorphism group contains a subgroup inducing G on A 
arises from a 9-invariant valuation v of K as described in (v). 

Proof. Assertion (i) is essentially the definition of a Ree or Suzuki group. The 
building A and its polarity p are described in l5.3l Assertion (ii) is proved in l6.5l iii 
and l6.7l Assertions (iii) and (iv) follow from 14 . 1 51 and [5T5l Assertion (v) is proved 
in 17. Ill and assertion (vi) is a consequence of 17.11 □ 

This paper is organized as follows: In Sections 3-4 we review the basic results 
about root data, valuations of root data and non-discrete Euclidean buildings we 
require. In Sections 5 we introduce the spherical buildings of type B2, F4 and G2 
having polarities that give rise to the Ree and Suzuki groups and in Section 6 
we assemble the basic properties of the subbuildings fixed by these polarities we 
require. Our main results — 17.11 17.41 and l7. Ill — are then proved in Sections 7 and 8. 

Throughout this paper we will use A and similar letters to denote spherical 
buildings and {X, A) and similar letters to denote Euclidean buildings. 

3. Root data and valuations 

We now start paying attention to the details. In this section we review the 
notions of a root datum of a spherical building and a valuation of a root datum. 

Notation 3.1. Let [W, S) be an irreducible spherical Coxeter system. Then either 
W can be identified with the Weyl group of an irreducible root system $ so that 
S consists of the reflections determined by the elements in a basis, or \S\ =2 and 
is a dihedral group of order 2n for n = 5 or n > 6. In the latter case we let $ 
consist of 2n vectors evenly distributed around the unit circle in a 2-dimensional 
Euclidean space and think of S as the two reflections determined by two of these 
vectors making an angle of [n — l)180/n degrees. (Later we will refer to this set 
<& as \2{n).) In both cases, we denote by A the ambient Euclidean space of <& and 
by Aut((f>) the group of isometrics of A mapping $ to itself. Note that {W,S) is 
uniquely determined by <I>. When we sometimes call W the Weyl group of $ (as is 
usual), we really have the pair {W, S) in mind. 

Notation 3.2. Let {W, S) and $ be as in[3lll For aU a, /3 G $ such that a ^ ±/3, 
the interval (a, (3) is the s-tuple (71, 72, • ■ • , 7s) of all elements 7^ S $ such that for 
some positive real numbers pt and qi (which depend on a and /3), 

(3.3) 7^/l7^l=pW|a|+9./3/l/3|, 

where Z(Q!,7i) < Z(a,7j) if and only if i < j. Note that s depends on the pair a 
and (3 and that for some pairs, s = 0. 

To deflne the interval (a, /?), we could have omitted the denominators in l3.3l We 
included the denominators because the coefficients pi and qi in this equation (as it 
is written) are needed in the statement of condition (V2) in 13. 141 

Notation 3.4. Let (VF, S), $ and A be as in 13.11 To each a e $ we associate the 
reflection Sa given by 

Sa{v) = V — 2{v ■ a)a 
for each w e A. A wall of <& is the flxed point set of one of these reflection. A Weyl 
chamber of <& is a connected component of A with all the walls removed. We call 
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the closure of a Weyl chamber a sector of $. The sectors are polyhedral cones; a 
face of $ is a face of one of these cones. The set of all faces of $ forms a simplicial 
complex called the Coxeter complex of (W, S) (or We will denote this simplicial 
complex by S(<i>). To each element a of <i> we associate the half-space 

:= {w e A I w • a > 0}. 

A root of the Coxeter complex is the set of faces contained in one of these half- 
spaces. The map a ^ thus gives rise to a canonical bijection from $ to the set 
of roots of 

Conventions 3.5. Let A be an irreducible spherical building. Then every apart- 
ment of A is isomorphic to the Coxeter complex for some $ as in 13.11 The 
corresponding Coxeter system {W, S) is usually called the type of A. We prefer, 
instead, to say that A is of type (Thus a building of type is the same thing as 
building of type C^.) Let S be an apartment of A. A root of S is the image of a root 
of S($) under an isomorphism from S($) to S. Thus for each such isomorphism we 
have a canonical bijection from $ to the set of roots of S. We will usually assume 
that an isomorphism from S(<i>) to E is fixed and identify $ with the set of roots 
of E via this bijection. 

Definition 3.6. Let A be an irreducible spherical building of rank at least two. 
For each root a of A (i.e. of some apartment of A), let Ua be the intersection of 
the stabilizers in Aut(A) of all the chambers that are contained in some panel of A 
which contains two chambers in a. It follows from Corollary 3.14 in [14] that Ua 
acts trivially on the set of chambers in a itself. (The subgroups of the form Ua are 
called the root groups of A.) The building A is Moufang (equivalently, "A satisfies 
the Moufang condition!^ ) if the following hold: 

(i) A is thick (i.e. every panel contains at least three chambers). 

(ii) For each root a of A, the root group Ua acts transitively on the set of 
apartments containing a. 

Tits showed that thick irreducible spherical buildings of rank at least three, as well 
as all the irreducible residues of rank two of such a building, always satisfy the 
Moufang condition; see, for example. Theorems 11.6 and 11.8 in [T^ for a proof. 
Irreducible spherical buildings of rank at least two satisfying the Moufang condition 
were classified in [10] and [13]. See [HI 30.14] for a summary of the results. 

Proposition 3.7. Let A he an irreducible spherical building of rank d > 2 satisfying 
the Moufang property. Then for each root a of A, the root group Ua acts sharply 
transitively on the set of apartments containing a. 

Proof. This is proved, for example, in Theorem 9.3 and Proposition 11.4 of [T3|. □ 

Now suppose that A is a building of rank one. In other words, A is simply a set 
(whose elements are the chambers of A) and Aut(A) is the full symmetric group 
on A. The apartments of A are the two-element subsets of A and thus the roots of 
A are just the one-element subsets of A. Normally we will use letters like x and y 
to name elements of A; when we want to emphasize that an element of A is being 
considered as a root, however, we will give it a name like a or /?. 

Definition 3.8. Let A be a building of rank one, i.e. of type := Ai, let S be an 
apartment of A and let the two elements of E be identified with the two elements 
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of A Moufang structure on A is a collection 

of non-trivial subgroups of Aut(A) such that the following hold: 

(i) For each a G the subgroup Ua fixes a and acts sharply transitively on 
A\{q;}; and 

(ii) For each the subgroup Ua is normalized by the stabilizer of a in the 
group G := {Ua, 

The groups U^ for all a G $ and all g £ G are called root groups. A Moufang 
structure on A is independent of the choice of S and its identification with $ up to 
conjugation in the group G. Since the root groups are required to be non-trivial, 
A can have a Moufang structure only if it is thick, i.e. if |A| > 3. When we say 
that A is Moufang, we mean that we have a particular Moufang structure on A 
in mind (whose root groups we will always call Ua, Up, etc.). Note that with this 
convention, 13.71 holds also when £ — 1 (with "satisfying the Moufang property" 
interpreted as meaning "having a Moufang structure with root groups Ua)- 

Remark 3.9. Let A be an irreducible spherical building of rank i > 2 which 
satisfies the Moufang condition and let P be a panel of A viewed as a set of 
chambers. For each chamber x in P, let a be an arbitrary root of A containing 
X but no other chamber in P. Bv 13.71 Ua acts faithfully on P. Furthermore, the 
permutation group induced by the root group Ua on P is independent of the choice 
of a. (This follows from Proposition 11.11 in [H].) Hence every rank one residue of 
A inherits a canonical Moufang structure from A whose root groups are isomorphic 
to root groups of A. 

Proposition 3.10. Let A be an irreducible spherical building of type $ satisfying 
the Moufang condition as defined in \3.6\ and \3.8\ and let S be an apartment of A (to 
which we apply [375\} . Then for each a G $ (i.e. to each root a ofE), the following 
hold: 

(i) There exist maps A and k from U* to Ul^ such that for each u £ U*, the 
product 

m^{u) := k{u)uX{u) 

maps S to itself and induces the unique reflection Sa defined in \3.4\ on $ 
(which interchanges the roots a and —a). 

(ii) m-s{u)^^ — msiw^^) for each u £Ua- 

(iii) ms(K(u)) ~ m^{X{u)) ~ m^{u) for all u £ Ua- 

Proof. The first assertion is a consequence of l3.7l and the other two follow from the 
first; see, for example, in [13, 6.1-6.3]. □ 

Proposition 3.11. Let A be an irreducible spherical building satisfying the Mo- 
ufang condition as defined in \3.6\ and \ 3.8\ and let G^ be the subgroup o/ Aut(A) 
generated by all the root groups of A. Then G^ acts transitively on the set of all 
pairs (I],C), where E is an apartment of A and G is a chamber ofYi. 

Proof. This is proved, for example, in Proposition 11.12 of [M]. □ 

Note in the rank one case. 13. iD just says that G^ is a 2-transitive permutation group 
on A. 
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Definition 3.12. Let A be an irreducible spherical building of type $ satisfying 
the Moufang condition and let E be an apartment of A (to which we apply [375]) . 
For each a G <&, let [/„ be the corresponding root group. The root datum of A 
(based at E) is the pair (S, (J7c()ae*)- 

Let A be as in 13.121 By 13. Hi the root datum of A is, up to conjugation in the 
group , independent of the choice of the apartment S. Note that a root datum 
and a Moufang structure on A (as defined in 13. 8p are essentially the same thing 
when A has rank one. By [13l 40.17], A is uniquely determined by its root datum 
when the rank of A is at least two. 

Theorem 3.13. Let A be an irreducible spherical building of type $ satisfying the 
Moufang condition, let the notion of the interval from one element of $ to another 
be as in \3.S\ and let S be an apartment of A (to which we applv lKS]) . Then for all 
ordered pairs a, (3 of elements of $ such that [3 ^ ±a, 

where (71,72, ■ ■ • ,7s) is the interval {a,f3), if the interval {a, (3) is not empty and 
[Ua, Up] ^ I if it is. 

Proof. This is proyed in 7, 6.12(ii)]. □ 

Definition 3.14. Let A be an irreducible spherical building of type $ satisfying 
the Moufang condition, let S be an apartment of A (to which we apply 13. 5|) and 
let 

(E, {Ua)ae^) 

be the root datum of A based at S as defined in 13.121 A valuation of this root 
datum is a collection ip :— (iy9a)ae$ of non-constant maps ipa from [/* to K such 
that the following hold: 

VI: For each a € $ and each fc G K, the set 

Ua.k := {ueUa \ (Pa{u) > k} 

is a subgroup of Ua, where we assign (pa{^) the yalue 00 (so that 1 G Ua.k 
for all k). 

V2: For aU a, /? S $ such that a ±f3 and for aU k,l eR, 

where 7^ , pi, qt and s are as in 13.31 
V3: For all a,/3 S all u G U* and all g e Up, the quantity 

is independent g and if a = /3, then t = —2ipa{u). Here Sa is as in 13.41 and 
m^iu) is as in l3.10l i. 

Note that the condition (V2) is vacuous when the rank of A is one. 

Definition 3.15. Let A, $ and S be as in 13. 141 and suppose that and are two 
valuations of the root datum of A based at S. Then ip and ip are equipollent if for 
some X in the ambient Euclidean space A of the root system 

Pa{u) = ^Ja{u) + a ■ X 
for all a G $ and all u E U'^ (in which case we write (p = ip + x). 
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Proposition 3.16. Let A, $ and S be as in \3.14\ and suppose that and ip are two 

valuations of the root datum of A based at S such that ipa = '<pa for some a £ 
Then ijj and ip are equipollent (as defined in \3.15\) . 

Proof. This holds by Proposition 6 in [T^. For more details, see Theorem 3.41 in 

Definition 3.17. Let A, $ and S be as in I3.14[ let (p ~ ('Pa)ae$ be a valuation 
of the root datum of A based at E and let p be an automorphism of A mapping S 
to itself. We will say that ip is p-invariant if 

for all a G $ and all u E U'^. 

Proposition 3.18. Let A, $ and S be as in \ 3.14\ ip be a valuation of the 
root datum of A based at E, let w be an element of the root group C/* such that 
faiw) = and let mg = m^{w). Then for each a g $, 

for all g,u £ U*. 

Proof. Let /? be the root opposite a in S. Let g,u € U* and let v = k(u) G U^, 
where n is as in l3.10l i. Then ms{u) = msiv) by Proposition 11.24 in [14) . ipf3{v) = 
—ipa{u) by Proposition 3.25 in [T3] (or [71 10.10]) and 

for all y £ Up hy condition (V3) (with both roots equal to f3). Thus 

By another application of condition (V3) (this time with both roots equal to a) 
and the choice of w, we have 

Mr") = Mg)- 

□ 

4. Non-discrete Euclidean Buildings 

In this section we assemble a few basic facts about non-discrete Euclidean build- 
ings. We start with the definition. 

Notation 4.1. Let W, A and $ be as in 13.11 Let W denote the group generated 
by W and the group T consisting of all translations of A. Thus W is a group of 
isometries of A. Moreover, W = TW and T is a normal subgroup of W. 

Definition 4.2. Let $ and (A,W) be as in 14.11 and let Ha for all a G $ be as in 
13.41 Let X be a set and let ^ be a family of injections of A into X. The elements 
of A will be called charts and the images of charts will be called apartments. Sets 
of the form f{Ha) for some chart / and some a G $ will be called roots of {X,A) 
and sets of the form f{S) for some chart / and some sector (respectively, face) of 
$ (as defined in l3.4p will be called sectors (respectively, faces) of {X,A). The pair 



8 



PETRA HITZELBERGER, LINUS KRAMER AND RICHARD WEISS 



{X, A) is a non-discrete Euclidean building of type $ if the following six axioms 
hold: 

Al: If / e ^ and w G W, then f o w e A. 
A2: If /, /' e A, then the set 

M -.^{veAl f{v) e /'(A)} 

is closed and convex and there exists ui G W such that the maps / and 
f o w coincide on M. 

A3: Every two points of X are contained in a common apartment. 

A4: If S and S' are sectors of {X, A), then there exists an apartment containing 
sectors and S[ such that C and S[ C S' . 

A5: Three apartments which intersect pairwise in roots have a non-empty in- 
tersection. 

A6: There is a metric d on X such that for all w, z G A and all / G A, 
d{f{v), f{z)) equals the Euclidean distance between v and z. 
If {X,A) is a non-discrete Euclidean building of type <&, we call the pair (A, W), 
which is uniquely determined by $, its model and we define the dimension of (X, A) 
to be the dimension of A. By (A3), the metric d in (A6) is unique. 

Various equivalent definitions of a non-discrete Euclidean building (and a proof 
of their equivalence) can be found in Theorem 1.21 of ^6j. See also Proposition 2.21 

of [g. 

Definition 4.3. Let {X,A) and {X',A') be two non-discrete Euclidean buildings 
having the same type <i>. An isomorphism ijj from [X^A) to (A',y^') is a bijection 
from X to X' such that 

-4'-{V^o/|/G^}. 
We denote by Aut(A, ^) the group of all isomorphisms from {X^A) to itself. 

Definition 4.4. Let [X^A) be a non-discrete Euclidean building of type let 
(A, W) be the model of (A, A), let r be an isometry of A normalizing the group W 
and let 

A = {/ot|/G^}. 
Then {X,At) is a non-discrete Euclidean building of type $ with the same under- 
lying metric structure as {X,A). Now suppose in addition that = 1. Then an 
isomorphism from (A, A) to (A, At) is automatically an isomorphism from (A, At) 
to (A, ^). We call such an isomorphism a t -automorphism of [X^A). 

Definition 4.5. We say that two non-discrete Euclidean buildings (A, ^) and 
(A', A!) are equivalent (or one is a dilation of the other) if they have the same type 
<i> and therefore the same model (A, W), A = A' and 

J^ = {fo5\f^A} 

for some dilation i5 of A (where dilation means multiplication by a non-zero con- 
stant). Thus equivalent non-discrete Euclidean buildings have the same underlying 
metric structure up to a constant positive factor. 

Definition 4.6. Let (A, A) be a non-discrete Euclidean building with model (A, W) 
and let x^x' G A. By (A3), there exists a chart / and points xi.x'i G A such that 
f{xi) = x and f{x'i) = x' . The interval [x, x'] is the image under / of the interval 
[a;i,a;y. By (A2), the interval [x,x'] is independent of the chart /. By the CAT(O) 
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property (proved, for example, in Propositfon 2.10 of [5]), the interval is, in 

fact, the unique geodesic connecting x to x' . 

Notation 4.7. Let {X,A) be a non-discrete Euclidean building of type $. Two 
faces F and F' of {X, A) (as defined in 14. 2p are called parallel if they are at finite 
Hausdorff distance, i.e. if both 

sup d{x' , F) 
x'eF' 

and 

sup (i(x, F') 

x<£F 

are finite. By (A6), this is an equivalence relation on faces. For each face F of 
{X,A), we denote by F^ the corresponding parallel class and for each apartment 
A of {X,A), we denote by A°° the set of parallel classes of faces containing a face 
of A. If b and b' are two parallel classes, we set b < b' whenever 

sup d{x' , F) < oo. 
x'eF' 

for all G 6 and all F' g b' . This notion makes the set of parallel classes of 
faces into a simplicial complex. We denote this simplicial complex by {X,A)°°. By 
Proposition 1 in [12] (see also Property 1.7 in 6 ), {X,A)°° is, in fact, a spherical 
building of type <i> (as defined in 13. 4p and the map A i— > A°° is a bijection from 
the set of apartments of (^,-4) to the set of apartments of {X,A)°°. The building 
(X, ^)°° is called the building at infinity of {X,A). It is irreducible (since it is of 
type <&) and its rank is the same as the dimension of {X,A). 

Notation 4.8. Let {X,A) be a non-discrete Euclidean building of type $ with 
model (A, W), let A be an apartment of {X,A), let a; be a point of A and let 
S = A°°. Let S($) and Ha (for each a e $) be as in 13.41 and suppose that $ is 
identified with the set of roots of S via an isomorphism from S(<i>) to S as described 
in 13.51 Then there exists a unique chart / such that the following hold: 

(i) /(A) = A 

(ii) /(O) = X. 

(iii) For each a € $, a sector 5* of <i> is contained in the half-space Ha if and 
only if the chamber /(S')°° of S is contained in the root a of S. 

Let Ja.x denote the chart /. 

Remark 4.9. Let $ and (A,W) be as in 14.11 Then (A,W) is a non-discrete 
Euclidean building of type $ with just one apartment. It thus has a building at 
infinity whose faces are of the form F°° for some face _F of 

Notation 4.10. Let {X,A) be a non-discrete Euclidean building of type $ and let 
(A, W) be its model. Let F be a face of {X, A) . Then F is the image of a face of $ 
(as defined in l3.4p under some chart /. The vertex of F is the image of the origin 
of A under /; by (A2), this notion is independent of the choice of /. Now let x be 
a point of X. We declare two points y and z of X\{x} to be equivalent at x if 

[x, y]r] B = [x,z]r] B 

for some open ball B centered at x, where [x,y] and [x,z] are intervals as defined 
in 14.61 This is an equivalence relation on X\{x}. For each y S X\{x}, let gx{y) 
denote its equivalence class. We declare two faces F and Fi with vertex x to be 
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equivalent if gx{F) = gx{Fi). By (A2), this holds if and only if F n B ^ Fi n B 
for some open ball B centered at x. The equivalence class of a face F is called the 
germ of F and a germ at x is the germ of a face with vertex x. The set of germs 
at X form a simplicial complex on the set gx{X\{x}). As observed in Section 1.3 
of [6] , this simplicial complex is a building of type $ whose apartments are the sets 
gx{A) for all apartments A of {X,A) containing x. We call this building the residue 
of (A,^) at X and denote it by (A,^)^;. (The residue at x is called the building of 
directions at x in [5].) 

The residues of a non-discrete Euclidean building (A, A) are not necessarily 
thick, and the residues at different points of X are not necessarily isomorphic to 
each other. They are all, however, of type <i>. 

Notation 4.11. Let {X, A) be a non-discrete Euclidean building, let x G X, let the 
residue {X,A)x of [X,A) at x be as in 14. 101 and let / be an element of A mapping 
the origin to x. Then there exists a unique type-preserving isomorphism from the 
Coxeter complex (as defined in 13. 4p to an apartment of the residue {X,A)x 

which maps each face F of <i> to the germ at x containing f{F). We denote this 
isomorphism by f^ . 

For the rest of this section, we examine the special case that the building at 
infinity of a non-discrete Euclidean building is Moufang. 

Theorem 4.12. Let {X^A) he a non-discrete Euclidean building of type $ with 
model (A, W) such that the building at infinity A := {X,A)°° satisfies the Moufang 
property as defined in \3.b\ let i denote the dimension of {X,A), let A be an apart- 
ment of {X,A), let T, = , let x be a point of A, let S($) be as in \3.4\ and 
let 

F[a,k = {w e A I w • a > fc} 
for all a ^ ^ and all k Cz M.. Let $ be identified with the set of roots of E via an 
isomorphism from S($) to T, as described in \3.5\ and let f := fA.x be as in \4.8\ If 
£ > 2, then the following hold: 

(i) For every root a € $, there exists a canonical injection from the root group 
Ua into Aut{X, A) such that for each u Cz Ua, its image under this injection 
induces u on A. 

(ii) For every a S there exists a map ipa from the root group U* of A to M. 
such that 

FixA(u) = AnA" = /(i/„,^„(„)) 

for each u Cz U*. 

Proof See Sections 10 and 11 of [H]. □ 

Note that under the hypotheses of I4.12i we always identify each root group Ua 
with its image under the injection in I4.12l i. Thus, in particular, the u in l4.12l ii is 
really the canonical image in Aut(A", ^) of an element u € Ua- 

With the following definition we describe those non-discrete Euclidean buildings 
which were studied in [5] . 

Definition 4.13. A Bruhat-Tits space is a non-discrete Euclidean building {X,A) 
such that the following hold: 

(i) The spherical building A := {X,A)°^ is Moufang (in the sense of 13.61 or 

mi). 
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(ii) The conclusions of 14. 121 hold. 
Let {X, A) be a non-discrete Euclidean building satisfying (i) and let £ denote the 
dimension of {X, A). U £ — 1, saying that A is Moufang means we have a particular 
Moufang structure on A in mind, and (ii) is to be interpreted with respect to this 
Moufang structure. If > 2, then (ii) holds automatically. 

A non-discrete Euclidean building of rank £ > 3 always satisfies I4.13l i. (This is 
proved, for example, [13[ 40.3].) Thus in dimension three or higher, "non-discrete 
Euclidean building" and "Bruhat-Tits space" are the same thing. 

Convention 4.14. Let A be a Moufang building of rank one in the sense of 13.81 
When we say that "A is the building at infinity of the Bruhat-Tits space (X, ^)," 
we mean that the conclusions of 14. 121 hold with respect to the particular Moufang 
structure on A we have in mind. 

The following results of Bruhat-Tits and Tits are fundamental. 

Theorem 4.15. Let {X,A), A, x, A, E and ipa for a e ^ be as in \4.1S\ Then 

is a valuation of the root datum of A based at E. Moreover, the valuation ip is 
independent of the choice of the point x in A up to equipollence (as defined in 

Proof. This is the first part of Theorem 3 in [12] . □ 

Theorem 4.16. Let A be an irreducible spherical building of type $ satisfying the 
Moufang condition, let S be an apartment of A (to which [XJI is applied) and let Lp 
be a valuation of the root datum of A based at E as defined in \3.14\ Then there 
exists a Bruhat-Tits space {X,A) of type <&, an apartment A of {X,A) and a point 
xa of A such that the following hold: 

(i) A is the building at infinity of{X,A)°° (in the sense of \4-.14\ if the rank of 
A is one) and E = 

(ii) For each a € ^, (pa is the map which appears in \4-.12\ ii when \jA2\ is applied 
to the triple {X,A), A and xa- 

Lf {X',A'), A' and x'j^ is a second triple with these properties, then there exists an 
isomorphism from {X,A) to {X',A') mapping A to A' and xa to x^. 

Proof. Existence is proved in Section 7.4 of [2] and uniqueness in Proposition 6 of 

m- ° 

5. The Ree and Suzuki groups 

In this section we collect a few well known facts about the Ree and Suzuki groups. 
All of these results are contained more or less explicitly in [9] and [11] . 

There are three families of Ree and Suzuki groups. Beginning in l5.1l and for the 
rest of this paper, we will refer to three cases which we will call "case B," "case F" 
and "case G." 

Notation 5.1. Let X be a field of characteristic positive p and suppose that 6 is 
a Tits endomorphism of K. This means that 9 is an endomorphism of K such that 
0^ is the Frobenius map x i-^ x^ . Thus, in particular, F := is a subfield of 
K isomorphic to K which contains the subfield K^. Suppose, too, that p = 2 in 
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cases B and F and p = 3 in case G. In case B let L be an additive subgroup of K 
containing F such that L-F C L (so L is a vector space over F) and K ~ (L) (where 
(L) denotes the subring of K generated by L) and let A denote the indifferent set 
{K,L,L^) as defined in [13t 10.1]. In case F let A denote the composition algebra 
{K,F) as defined in [151 30.17]. In case G let A denote the hexagonal system 
{K/F)° as defined in TS', 15.20]. Let A denote the building Bf (A) in case B, the 
building F4(A) in case F and the building G2(A) in case G in the notation described 
in [m 30.17]. Thus Bf{A) is the Moufang quadrangle called QvW in [H 16.4] 
and G2(A) the Moufang hexagon called H(A) in [H 16.8]. The type $ of the 
building A is B2 in case B, F4 in case F and G2 in case G. (Alternatively, we can 
define A to be the unique building of type $ whose root datum is as described in 
below.) 

The building A in 15.11 is split if and only if K is perfect; if K is not perfect, A 
is simply a building of mixed type (as defined, for example, in [TSl 30.24]). 
The following element r plays a central role from now on. 

Notation 5.2. Let $ be as in 15.11 let A be the ambient space of $ and let S be 
a sector of $. There is a unique non-trivial element of Aut(<I') (as defined in 13. ip 
fixing S. This automorphism induces a non-type-preserving automorphism of the 
Coxeter complex S($) and has order two. We denote it by r. 

Theorem 5.3. Let A, $, K, L, etc. be as in \5.1\ let t and S be as in \5.2\ let S he 

an apartment of A, let C be a chamber ofH, let ip be the unique special isomorphism 
from S(<I') to S mapping S to C and let $ be identified with the set of roots ofE via 
Ip as indicated in \3. 5\ Then for each a € there exists an isomorphism Xa from 
the additive group of L in case B, respectively, the additive group of K in cases F 
and G, to the root group of A such that the collection {xa)ae^ ^'^^ following 
properties: 

(i) There exists a unique automorphism p of A mapping the pair (C, S) to 
itself such that 

Xa{tY = X^(a){t) 

for all a € ^ and all t Cz K (or all t ^ L). 

(ii) In cases B and F, 

[Uo.,Up\ = 1 

whenever /l(a,(3) < 90°, 

[Xais),Xf3{t)] = Xa+0{st) 

for all s,t Cz K whenever Z{a,P) = 120° and 

[Xais),Xf3{t)] = X^^^f^{sh)x^^^^{st'^) 

for all s,t Cz K ( or all s,t Cz L) whenever Z{a, (3) ~ 135°. 

(iii) In case G, there exists parameters e, ei, . . . , £4 such that 

[Uo.,U(}\ = 1 

whenever Z{a,(3) < 90°, 



[Xais),Xf3{t)] = Xa+p{est) 
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for all s,t Cz K whenever Z{a, f3) — 120° and 

■ 2;v3a+2/3(e3S^i^)a;„+y3^(e4st'') 

for all s,t (z K whenever A{a,[3) — 150°. The parameters e,ei, ■ • ■ , £4 are 
all equal to +1 or —1; their values depend on the ordered pair {a, (3) hut 
not on s or t; and their values are as in \5. 4)^57^ if a, (3 both contain the 
chamber C . 
(iv) In all three cases, 

for all a, /3 e $ and all t ^ K (or L). 

Proof. Suppose first that we are in case G and let the roots of <I> be numbered 
ai, . . . ,ai2 going around the origin clockwise, where the indices are to be read 
modulo 12. The set of roots of S can be identified with $ so that ai contains the 
chamber C if and only if i e [1,6]. Thus T{ai) = aj-i for all i. By 13, 16.8], 
[C/q. , Ua-] — 1 whenever i, j e [1, 6] and i < j < i + 3 and there exist isomorphisms 
Xi for each i g [1,6] from the additive group of K to the root group such that 
for all s,t G K, 

(5.4) [xi{s),xe{t)] ^ X2{-sh)x3{-sh'>)xi{s'^t^)x5{st'>), 
as well as 

(5.5) [xi{s),X5{t)] ^ X3{~st) 

and 

(5.6) [x2{s),X6{t)] ^ X4,{st). 

By [131 7.5], there exists a unique automorphism p of A mapping (C, S) to itself 
such that 

x^ity = x7-^{t) 

for all i £ [1, 6] and for all t £ K. Let H be the chamberwise stabilizer of E in 
Aut(A) and let Q be the subgroup of H consisting of those elements g such that 
for each root a of S, either g centralizes Ua or g inverts every element of Ua- Let 

mi = ms(a;j(l)) 

for i = 1 and 6 and let 

N = {mi, me). 

By [ni 2.9(6)] and [H 29.12], |Q| = 4 and the kernel of the action of iV on E is 
N (1 Q and N/N n Q = D12. For each i g [7, 12], there thus is a unique shortest 
word g in mi and mg mapping aj to ai, where j = 1 if i is odd and j = 6 if i is 
even. We set Xi{t) = Xj{t)^ for all t £ K. By [T31 6.2], — mg and = mi. 
It follows that Xiity = Xr{i){t) for &\\t£K and for all i € [7, 12]. Thus (i) holds. 
Let a,[3 £ $. By [T31 6.4] (or [TTl 2.9]), there exists g £ N mapping a to f3 such 
that Xa{ty = Xfs{±t) for all t € K* . Since g is unique up to an element of n Q, 
it follows that Xa{t)^ = Xi3{zkt) for all t S K* and for all g G N mapping a to (3. 
Thus (iv) holds (in case G). Bv l5.4H5?6l it follows that also (iii) holds. 

The proof in case B is virtually the same, except that we cite [13l 16.4] in place 
of [13l 16.8] and use the observation that this time msiu)"^ = 1 for all a G $ and 
all u & U* by l3.10l h (since all the root groups are of exponent two). In case F, the 
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proof in the previous two cases can be suitably modified (using [15, 32.14] in place 
of [13l 16.4]). We do not give the details, however, since the claims in case F also 
follow from the observations in pTl 1.1-1.2]. □ 

Definition 5.7. Let A and p be as in l5.3i let A'' denote the set of chambers fixed 
by p and let be as in lS.llI Let G be the group induced on A'' by the centralizer 
of p in G^. The group G is commonly called Suz(if, 9, L) in case B (these are the 
Suzuki groups), Ree(i4r, 9) in case G (these are the Ree groups) and '^Fi{K, 9) in case 
F. The groups ^F4{K, 9) were also discovered by Ree and are also sometimes called 
Ree groups, but these groups are now more commonly associated with Tits due to 
his thorough study of them in [11]. The name S\iz{K,9, L) is usually abbreviated 
to Suz(A', 9) when L = K. 

We use the rest of this section to prove a result (|5.15p about valuations of the 
root datum of the building A. 

Proposition 5.8. Let A, $, E and {xa)ae'S> be as in \5.3\ let q;,/3 € <&, let t & K, 

let u G K* (or t ^ L and u Cz L* in case B) and let 

h{u) = mY.{xa{l))m^{xa{u)). 

Then the following hold: 

(i) In cases B and F, 

xp{t)^^^'^ ^Xf,{u-h) 

ifZ{a,P)^ 45° and 

X0{t)'-^^'> =xp{uh) 

ifZ{a,l3) = 135°. 

(ii) In case G, 

xp{t)^^^'> = xpiuH) 

ifZ{a,P)^ 30° and 

xp{t)^^^'^ ^xp{u-h) 

ifZ{a,l3) ^ 150°. 

(iii) In all three cases, 

xpit)''^^^ ^ xp{u-h) 

if a = 13, 

Xfiit)''^"^ ^x^{u-H) 

z/Z(a,/3) = 60°, 

Xf.it)''^"^ = xp{t) 

z/Z(a,/3) = 90°, 

x^(i)'*(") = xp{ut) 

if Z{a,P) = 120° and 

xp{t)^^^^ =xp{uH) 



if a = — /3. 
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Proof. By I3.10l i. h{u) acts trivially on E and hence normalizes U13. The claims 
hold for /3 ^ ±a by parts (ii) and (iii) of [EH and [HI 2.9]. 

Suppose that we can choose /3 e $ such that Z(q;,/3) = 120°. By 15.31 we have 

(5.9) [Xa{t),Xfj{s)] ^ Xa+I3{est) 

and 

(5.10) [Xa+l3{s),X^a{t)] Xp{e'st) 

for all s e K, where e, e' = ±1. We know that X/3(l))'''^"^ = a;^(u) and 

a;a+/3(i)''<") = Xo.+p{^-H). 

Setting s = 1 in 15.91 and conjugating by h(u), we obtain 

[xo,{ty'^''\xp{u)] ^ Xa+pieu-H). 

Comparing this identity with l5.9l itself. we conclude that XQ,(i)'''"-' = Xa{u~^t). Set- 
ting s = 1 in l5.10l and conjugating by h{u), we conclude similarly that a;_ct(t)'^^"' = 

X-a(u'^t). 

Suppose next that there is no /3 e $ such that Z(a,/3) — 120°. Then we are in 
case B, so char(_ft') = 2, and we can find /3 such that Z{a,(3) — 135°. Thus 

(5.11) [xa{t),xp{s)] = x^^^f^{t^s)x^^^f^{ts^) 
and 

(5.12) [2;y2a+/3(s)' X-a{t)] = X^^^fsis'^t)xf;{st'^) 

bv l5.3l ii. We know that h{u) centralizes U3, x^(l)''(") = xpit^) and 

Setting s = 1 in 15. Ill and conjugating by h{u), we obtain 

[x^{t)'''^^\xp{u')] = x^^^^{u-h')x^^^^{t). 

Comparing this identity with 15.111 itself, we conclude again that 

a;„(t)''(«) = x^iu^H). 

Setting s = 1 in the identity 15. 121 and conjugating by h{u), we conclude similarly 
that a;_Q(i)''("^ = x-a{u^t) also in this case. □ 

Corollary 5.13. Let A, E and {xa)aG'S> be as in \5.3l let be as in \3.11\ and 

let H he the chamberwise stabilizer of E in . Then for each a G $ and for each 
h E H, there exists z G K* (or z E F* in case B, where F — ) such that 

for allt E K (or allt E L ). 

Proof. By 13, 33.9], 

H = {m^{xa{l))m^{xa{u)) I a e $ and u E K* (or L*)). 

The claim holds, therefore, bv l5.8l □ 

Notation 5.14. Let $ be as in 15.11 Let $ = $0 U $1 be the partition of $ into 
two subsets $0 and $1 such that two elements of $ are in the same subset if and 
only if they have the same length. 
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Proposition 5.15. Let A, $, S, p and {xa)ae'S> be as in \5.3\ let $0 and $1 be as 
in \5.14\ let v be a (real valued) valuation of the field K and let p — char(if ). Let 

fa{Xa{t)) = v{t) 

for all a G $0 o,nd all t G K* (or all t G L* ), let 
for all a G $1 and all t G K* (or all t G L* ) and let 

f = {'Pa)ae<S>- 

Then the following hold: 

(i) if is a valuation of the root datum of A based at E. 

(ii) (p is p-invariant (as defined in \3.17^ if and only if v is 9 -invariant. 

Proof. The collection ip satisfies condition (VI) in l3.14l bv the definition of a valua- 
tion. By parts (ii) and (iii) of 15.31 and some calculation, ip satisfies condition (V2). 
Choose a, (3 £ ^, u £ U* and g gU'^. Suppose first that a — (3. Bv l5.3l iv. 

V3_a(ff'"^^"^) = (p„(c,™sH'"s(=^°(l))"'). 

By I3.10l ii. therefore 

V5_a(5™^(")) = (p^(c,(™^(^ = (l))™^(-"))"'). 

Hence 

^_„(5"-("))-^„(5) = -2^„(^i) 
bv l5.8l iii. Bv l5.3l iv and 15.81 fand a similar calculation), the quantity 

is independent of g whenever (3 ^ a. Thus (p satisfies condition (V3). Hence (i) 
holds. Bv l5.3l i. (p is p-invariant if and only if v(f')l^ — v(t) for all t G K* . Thus 
(ii) holds. □ 

6. Spherical Buildings for the Ree and Suzuki groups 

In this section we show that the G-set A'' defined in 15.71 has the structure of a 
spherical building satisfying the Moufang condition whose root groups generate the 
group G. 

Notation 6.1. Let $ and A be the sets called $ and A in 15.11 and 15.21 We then 
set A equal to the set of fixed points of the automorphism r of $ introduced in 15.21 
(which we continue to call r. 

Proposition 6.2. Let A, <f>, r and A be as in \6.1\ and let a — a + (so a E A 

since = Ij for each d G A. Then the following hold: 

(i) If a e ^, then a ^0. 

(ii) Let 

$ = {a/\a\ I d G 

Then $ is, up to an isometry of A, the root system Ai in cases B and G 
and 12(8) (as defined in \3.1\) in case F. 
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(iii) For each d G the half-space 

{w e A I w • d > 0} 
o/E($) (as defined in \3.4^ is the intersection of the half-space 
Ha -.^ {v e A\v ■ a>0} 

o/5]($) mth A. 

(iv) The map F F f] A is an inclusion-preserving bijection from the set of 
T -invariant faces of ^ to the set of faces of^. 

Proof. In cases B and G, the dimension of A is only two; we leave it to the reader 
to verify all the claims in these two cases. In case F, these assertions are proved in 
Section 1.3 of [H]. □ 

Lemma 6.3. Let <f> and t be as in \6.1l let $ be as in 1 6'. S\ ii. let A be an arbitrary 
building of type <& which is not necessarily thick, let p be a non-type-preserving 
automorphism of A of order two and let E be an apartment of A. Then the following 
are equivalent: 

(i) ijj o T — p o tp for some type-preserving isomorphism ■0 from S(<I>) to E. 

(ii) p fixes two opposite chambers ofE. 

(iii) p maps E to itself and fixes at least one chamber ofY,. 

Proof. Let S be as in 15.21 We think of S" as a chamber of E(<i>) and let S' be the 
unique opposite chamber of E(<I>). The map r fixes both S and S". Hence if V' 
is as in (i), then p fixes the two opposite chambers ipiS) and ^Pi^') of E. Thus 
(i) implies (ii). Since opposite chambers are contained in a unique apartment, (ii) 
implies (iii). Now suppose (iii) holds. Let C be a chamber of E fixed by p and let 
be the unique isomorphism from E(<i>) to E mapping S to C. Since the composition 
p~^ o i/; o r is also a type-preserving automorphism from E(<I>) to E mapping S to 
C, it must equal tp- Thus (i) holds. □ 

Definition 6.4. Under the hypotheses of 16. 3i we call an apartment of A p- 
compatible if it satisfies the three equivalent conditions in 16.31 

In the following result, we make implicit use of the fact that a building A is 
completely determined by the graph whose vertices are the chambers of A, where 
two chambers are joined by an edge whenever there is a panel of A containing them 
both. (This is the point of view, for example, in [l4].) 

Theorem 6.5. Let <I> and t be as in \6.1\ let $ be as in \G. 21 ii. let A be an arbitrary 
building of type which is not necessarily thick, let p be a non-type-preserving 
automorphism of A of order two and let E be an apartment of A. Suppose that E 
is p-compatible as defined in \6.4\ Let tp be as in 1 6. S\ and let tt be the bijection from 
<I> to the set of roots ofY, induced by the isomorphism ip. Let A be the graph whose 
vertices are the chambers of A fixed by p, where two such chambers are joined by 
an edge whenever they are opposite in a residue of rank two fixed by p and let E 
be the subgraph of A spanned by the chambers of E fixed by p. Then the following 
hold: 

(i) There is a unique isomorphism ^ from E(<I>) to E such that 

tp{snA} = 'ip{S) 
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for each t -invariant sector S of ^. 

(ii) // TT is the bijection from $ to the set of roots of S induced by tp, then 

7r(a/|ci|) — 7r(Q) n S 

for all d €E where the map a a is as in 1 6. S\ . 

(iii) A is a building of type $ whose apartments are the subgraphs spanned by 
the chambers fixed by p in p-compatible apartments of A. 

Proof. Assertions (i) and (ii) hold by 16.21 Next we observe that if R is the p- 
invariant residue of rank two containing two adjacent chambers of A, then all the 
chambers in R fixed by p are pairwise opposite in R and hence adjacent in A. This 
means that A is a chamber system as defined at the beginning of [7]- To show 
that (iii) holds, it therefore suffices, by Theorem 3.11 in [7j and Theorem 8.21 in 
[14j . to show that every two chambers of A are contained in an apartment of A 
containing opposite chambers fixed by p. In cases B and G, every two chambers of 
A are opposite in A. We can thus assume that we are in case F. 

Let 7 = (Co, Ci, . . . , Cfc) be a gallery in A. Then for each i g [1, k], the chambers 
Ci-i and Ci are opposite in a p-invariant Ji-residuc Ri, where Ji is a two-element 
subset of the vertex set / of the diagram F4 invariant under the non-trivial automor- 
phism of this diagram. We will say that 7 is alternating if Ji 7^ J,;-i for all i G [2, k]. 
Let 7 be a gallery in A from Cq to Ck containing Ci also for all i e [1, fc — 1] such 
that the subgallery from Ci_i to Ci is a minimal gallery in Ri for each i G [1, fc]. 
Thus the length of 7 is 

m := di + d2 -\ \- dk, 

where di is the diameter of Ri for all i G [1, fc]. Now suppose that fc = 8. Then m 
equals the diameter of S and if D and D' are opposite chambers in E n A, then 
there exists a unique minimal gallery from D to D' that has the same type as 7. 
By Proposition 7.7.ii in [14], it follows that 7 is minimal and hence Cq and Cs 
are opposite. By Corollaries 8.6 and 8.9 in [14], therefore, 7 is contained in an 
apartment of A. It thus suffices to show that every alternating gallery of arbitrary 
length fc in A can be extended to an alternating gallery in A of length fc -f 1 and 
that every two chambers of A are joined by an alternating gallery in A. 

Suppose first that the gallery 7 = (Co, Ci, . . . , Cfc) is alternating and let Ji for 
i & [1, fc] be as in the previous paragraph. Let J = I\Jk and let R be the unique 
J- residue containing Cfc. Since p fixes Ck, the residue R is also p- invariant. The 
residue i? is a generalized n-gon for n = 2 or 4. Let 7 be a gallery in R of length 
n/2 starting at Cfc and let 71 be the concatenation of 7^^ with 7''. Then 71 is a 
minimal galley of length n (because p is not type-preserving) and p preserves 71 
(because p^ = 1). Therefore p fixes the unique chamber Cfc+i opposite Cfc in the 
unique apartment of R containing 71. Thus (Co, . . . ,Cfc,Cfc+i) is an alternating 
gallery extending 7. 

Now suppose that C and C are two arbitrary chambers of A and let e be the 
distance between them in A. Since A is a chamber system (as observed above), we 
can obtain an alternating gallery from C to C from an arbitrary gallery from C 
to C simply by discarding superfluous chambers. It will suffice to show, therefore, 
that there is a gallery from C to C in A. We proceed by induction with respect 
to e. We can suppose that e > 0. Thus we can choose a chamber Ci adjacent to 
C that is at distance e — 1 from C. Let R be the unique p-invariant residue of 
rank two containing both C and Ci and let C2 — proj^^ C. Since p fixes C and 
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R, it fixes C2 too. Thus C2 is a chamber of A adjacent to C in A and at distance 
strictly less than e to C . By induction, wc conclude that there is, in fact, a gallery 
in A from C to C". □ 

Notation 6.6. Let A, S, tfj, p as well as Ua and Xa be as in 15.31 Note that the 
type of A is, according to 16.11 now $ rather than <&. In order to focus on the set 
A'' defined in l5.7| we now replace also the designations A, E, ip, Ua and Xa by A, 
E, -0, Ua and Xa (but let p remain p). We then set A = A'' and E = E n A. By 
16.51 applied to these data, A has (canonically) the structure of a building of type 
<i>, where $ is as in l6.2l ii. and E is an apartment of A. Let tt be the map obtained 
from these data in l6.5l ii and for each a € $, let denote the pre-image of a under 
the surjection a 1— > ci/|ci| from $ to $, where the map d 1— > a is as in 16.21 

Theorem 6.7. Let $, Ua for d € for a € A, E, p and tt be as in 

\6.6\ and let $ be identified with the set of roots of E via n. For each a G let Ua 
denote the centralizer of p in the subgroup 

of Aut(A). Then Ua acts faithfully on A for each a G $ (in all three cases); 
(E, {Ua)ae<i>) is a Moufang structure on A in cases B and G; and in case F, A is 
Moufang and for each a S Ua is the corresponding root group. 

Proof. Let A be as in 16. 61 and let a G $. We think of a as a root of E and choose a 
panel of E containing one chamber C in a and another C not in a. Then C and C" 
are opposite in a unique rank two residue i? of A fixed by p. Bv l6.5l ii. consists 
of precisely those roots of E that contain C but not C . By Proposition 8.13 in 
|14j . the map d 1-^ d D i? is thus a bijection from to the set of roots of the 
apartment E n i? of i? and by Proposition 11.10 in [14 , Ua induces the root group 
on R corresponding to the root dni? for each d G $0,. By Theorem ll.ll.ii in [Ti] . 
therefore, the group 

([/d I d G $a) 

acts sharply transitively on the set Q of chambers of R which are opposite C in R. 
Thus the group Ua acts sharply transitively on the fixed point set Q'' of p in Q. 
It follows that Ua acts faithfully on A and by Theorem 9.3 in [14], that Ua acts 
sharply transitively on the set of apartments of A containing a. We conclude that 
(C^a)aG* is a Moufang structure on A (as defined in l3.8|l in cases B and G. 

Now suppose that we are in case F and choose a panel of A containing two 
chambers Ci and C'l in a. There exists a unique rank two residue Ri of A fixed 
by p containing Ci and C^. Let P be a panel of Ri containing two chambers of 
E. If d G $Q, then d contains both Ci and CJ, hence the apartment i?i n E of 
Ri is contained in d (since roots are convex) and thus Ua acts trivially both on 
_Ri n E and on P. By Theorem 9.7 in [14], therefore, Ua acts trivially on Ri for 
all d G "i>a- It follows that Ua is contained in the root group of A corresponding 
to a. Thus A is Moufang since Ua acts transitively (in fact, sharply transitively) 
on the set of apartments of A containing a and a is arbitrary. By Theorem 9.3 
and Proposition 11.4 in 14J, the root group corresponding to a also acts sharply 
transitively on the set of apartments of A containing a. It follows that Ua equals 
this root group. □ 
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Convention 6.8. We will sometimes refer to a building A of the sort that appears 
in 16.71 as a Suzuki-Ree building. When we say that A is a Suzuki- Ree building in 
cases B or G, we mean that we have in mind the Moufang structure on A described 
in[6Jl 

Remark 6.9. Let Ap and Ap be the buildings called A and A in 16.61 in case F 
and let Ab and Ab denote the buildings called A and A in l6.6l in case B under the 
assumption that L = K, where L is as in l5.1l Then there exist residues of rank two 
of Ap fixed by p which are isomorphic to the building Ab. Let R be one of these 
residues and let P be the corresponding panel of Ap. Then P can be identified 
with the building Ab in such a way that the canonical Moufang structure on P 
which comes from Ap as described in 13.91 coincides with the Moufang structure on 
Ab described in 16.71 

Notation 6.10. Let S ^ L x L in case B and let S — K x K in case F. In both 
of these two cases, let 

(s, t) ■ {u, v) — (s + U,t + V + s^u) 

and 

R{s,t) = s'+^ + st + tO 
for aU (s, t) e S. In case G, let T = K x K x K , let 

(r, s, t) ■ {w, u, v) = {r + w , s + u + r^w, t + v — ru sw — r^~^^w) 
for all (r, s, t), {w, u,v) €z T and let 

Nir, s, t) = r'+h' - rt' - r'+h - r^s^ + s'+' + - r^'+^ 
for all (r, s,t) G T. Then 5* and T are groups (with multiplication •), 

for all (s, t) G S and 

for all (r, s,t) G T. We will call R the norm of the group S and TV the norm of 
the group T. The center of S is {(0,t) \ t € K [oi t € L)} and the center of T is 
{(0, 0, t) I t G if}; both centers are isomorphic to the additive group of K . 

(Note that in case B, the product K^L is contained in L (bv lS.ip and thus the 
products s^t, R{s,t)'^~^u and R{s,tYv are contained in L for all (s,i),(u, u) G S 
even though the norm R{s,t) is not necessarily contained in L. See 16.121 1.1 

Remark 6.11. It is shown in [S] that the maps R and N are anisotropic. By this 
we mean that R{s, t) = only if (s, t) = and N{r, s,t) = only if (r, s, t) — 0. 

Proposition 6.12. Let A, $, E, the identification of ^ with the set of roots ofE 
and the root groups Ua be as in \6.7[ let G be the corresponding Ree or Suzuki group 
as defined in \5.7\ and let the groups S and T and their norms R and N be as in 
\6.1(A Then there exist a G $ such that the following hold: 

(i) In cases B and F, Ua — S and there exists an isomorphism x^ from S to 
Ua that 

Xa{u,vf^'^^^ = Xa{R{s,tf^'^U,R[s,tfv) 

for all {u, v) £ S and all (s, t) (z S* , where 

h{s, t) = m^{xa{0, l))mY.{xa[s, t)). 
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(ii) In case G, Ua = T and there exists an isomorphism Xa from T to Ua such 
that 

Xo.{w, u, = Xa{N{r, s, tf^'^w, N{r, s, tf'^u, N{r, s, t)v) 

for all {w,u,v) G T and all (r, s,t) G T* , where 

h{r,s,t) = m^{xaiO,0,l))m^{xa{r, s,t)). 

The element a is unique up to the action of the stabilizer Gs o/ S in G on the set 
of roots of E. 

Proof. By [T51 33.17], (i) holds in case F. By 16.91 it follows that (i) holds also in 
case B when K = L. Simply by restricting scalars, we conclude that (i) holds in B 
also when L ^ K. 

Suppose now that we are in case G. Let C and Ci be the two chambers in S and 
suppose that a = {C}. Let di be the elements of $ ordered clockwise modulo 12 
so that di, . . . , dg are the roots in the set defined in 16.71 (where $, on, etc. are 
as in 16. 6p . Let Ui denote the root group of A for all i, let {xi)i^[i^Q] denote 
the collection of isomorphisms Xi — Xat from the additive group of K to Ui which 
appear in the relations 15 . 4H5 . 61 and let J7+ denote the subgroup of Aut(A) generated 
by the root groups Ui for all i £ [1,6]. Bv l5.3l i. Xi{t)P — X7-i{t) for all i £ [1,6] 
and bv l6.7[ Ua is the centralizer of p in Uj^. Let 

(6.13) Xa{r, s, t) — Xi{r)x2{r^^^ — s)xr^{t + rs)xi{r^^'^ — rs + t)xc,{—s)xQ{r) 

for all (r, s,t) eT. Thus x„ is a map from T to U+. By [QHS^Bl WJU\ and a bit of 
calculation, this map is, in fact, an isomorphism from T to 

Let be the subgroup of Aut(A) as defined in 13. Ill Since the elements in the 
stabilizer Gq are type-preserving and fix opposite chambers of the apartment 
S, they are contained in the subgroup H of Aut(A) defined in 15.131 If 5 G ^cci' 
then by I5.13( there exist z,zi,Z2 G K* such that Xa{r,s,ty — Xa{zr, zis, Z2t) for 
all {r,s,t) G T. Since Xa is an isomorphism, the map (r, s,<) 1-^ {zr, zis, Z2t) is 
an automorphism of T. It follows that zi = z^"*"^ and Z2 = z^^^t. Thus for each 
element g of G^ fixing the two chambers C and Ci of the apartment S, there exists 
an element z G K* such that 

(6.14) Xair,s,ty = Xa{zr,z'^+^s,z'^+h) 
for all (r, s, t) G T. 

Let the group T be identified with the set A\{C} via the map sending a E T 
to the image of Ci under the element Xa{a) of Ua- Even though we are using 
exponential notation (and, by implication, composition from left to right) in the 
claim we are proving, for the remainder of this proof we will think of the group 
G as acting on the set CUT from the left (with composition from right to left) 
in order to conform with the notation in ^ from where we borrow the following 
argument. For the same reason, we will also use additive notation for T (only in 
this proof) even though it is not an abelian group; in particular, we let denote 
the identity (0, 0, 0) of T. Thus E = {C, 0} and for each a G T, the element Xa{a) 
of Ua fixes C and induces the map b t—^ a + b on T. 

For each element a = (r, s, t) £ T* , we set 

(6.15) u(a) = r^s - + / - 
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and 

(6.16) v{a) = r^s^ - + rs^ + st - r'^'^+^. 

(These expressions are taken from [9l 5.3], where N{a) is called w = w{a). Note 
that in 9, 5.3], there is an exponent 9 missing in the second term of w and a minus 
sign missing in front of the whole formula for w; see Section 2.10 in [3].) As is 
explained in Section 5 of [9], N{a) ^ if a ^ and there is an element w in G 
interchanging the two chambers C and of E such that 

(6.17) Lu{a) = ( - v{a)/N{a), -u{a)/N{a), ~t/N{a)) 

for all a = (r,s,<) £ T* . By [6l0l [05l [06l and [QTl (and a bit of calculation) , we 
have 

(6.18) N{uj{a)) ^ N{aY^ 
and 

(6.19) N{-a) = N{a) 

for all a (z T* (where —a is the inverse of a in T). 

The element cj^ fixes and C. Bv l6.141 there thus exists z E K* such that 

(6.20) Lo\r, s, t) = (zr, z^+^s, z^+H) 
for aU (r, s, t) £ T. Let v = 2^+2. Then 

(0,0,1;) =^2(0, 0,1) = w(l,0,-l) = (0,0,1) 
bv 16. 171 and therefore z = w^^^ = 1. We conclude that 

(6.21) ^ I 
by EM 

Now let a = (r, s,t) G T* and set a' — uj{—uj{a)). (This makes sense since uj 
maps T* to itself.) Bv l6.21l the two products ujXa{a)u! and Xa{uj{a))ujXa{a') both 
map to and C to a; (a). Thus 

(6.22) Pa (^Xaiuj{a))LUXa{a')) ^UJXa{a)0J 

fixes both C and 0. Bv l6.21l and l6.22l we have 

(6.23) pa{to{—a)) = —a' = ~Lu{—Lu{a)). 

Let ^ = paUJ. Thus ^ is an element of G interchanging C and 0. Bv 16.211 and 
I6.22[ we have 

C = Xai-a) ■ ujXa{-uj{a))uj ■ Xaia) e [/* • [/*„ • [/*. 
Bv I3.10l i. therefore, 

^ = m5](aja;Q,(— a;(a))a;) 

and 

Xa{a) = A(ci;Xq,(— ^^(a))!!;). 
Hence bv l3.10l in. = mj2{xa{a)). Therefore 

(6.24) Pa = ■m^{xa{a))uj. 
By I6.14[ there exists z £ K* such that 

(6.25) pa{w,u^v) = {zw^ z^^^u, z^^'^v) 



NON-DISCRETE EUCLIDEAN BUILDINGS 



23 



for all {w,u,v) e T. By [6l8l and [6J9l we have N{-uj{a)) = N{a)-^. By[6ll7]and 
16.251 therefore, the third coordinate of —uj{—uj{a)) is t, whereas the third coordinate 
of pa{uj{~a)) is tz'^+'^/N{a). Bv K^ it follows that = N{a) and hence 

(6.26) z = Niaf^'^ 

if i 7^ 0. li t — 0, we obtain the same conclusion by comparing the first or second 
coordinates of both sides of the identity I6.23| we leave these calculations to the 
reader. Bv 16.251 and 16.261 finally, we have pa = 1 if a = (0,0,1). By 16.211 and 
1041 it follows that uj = toe (0,0,1). Thus (h) holds bv lOil lOSl and lOHl (Note 
that in (ii), Xa{w,u,v)'^^'^''^'*'> is to be interpreted as Xc((w,u, w) conjugated first by 
™s(2;a(0, 0, 1)) and then by mj:{xa{r, s,t)), whereas in the proof pa{w^u,v) is to 
be interpreted as the image of {w,u,v) under TOx;(a^Q(0, 0, 1)) to which then the 
map ra^{xa(r, s,t)) is applied.) □ 

7. Bruhat-Tits spaces for the Ree and Suzuki groups 

We begin this section with a result which explains why a valuation of the root 
datum of a Suzuki-Ree building defined over a pair {K,9) (or triple {K,9,L)) 
requires the existence of a ^-invariant valuation of K. We then formulate our most 
important result in 17.111 

Theorem 7.1. Let A, a, Xa, etc. be as in \6.6\ and \6.1'A let w — Xa{0, 1) 

in cases B and F and let w — Xq,(0,0, 1) in case G, let ip be a valuation of the root 
datum of A based at E and let 

if = — il;cc{w)a/ {a ■ a) 

(as defined in \3.15\) . (Thus ip is a valuation equipollent to such that ipa{w) = 0.) 
Then there exists a unique 9-invariant valuation v of K , which depends only on the 
equipollence class of ip, such that 

(7.2) {s,t)) ^ iy{R{s,t)) 
for all (s, t) G S* in cases B and F and 

(7.3) ipc,ixc,{r,s,t)) ^iy{N{r,s,t)) 
for all (r, s, i) G T* in case G. 

Proof. Let 

(0,t''))/2 

for all t G K* in cases B and F and let 

(0,0,i))/2 

for all t <E K* in case G. Then 17^ and lO hold bv l3.18l with g ^ w and u = Xa{s,t) 
or Xa{r,s,t) and 16.121 It thus need only to show that is a (^-invariant valuation 

Let 1/(0) = oo. By (VI), we have z/(s + t) > min{i^{s),iy{t)} for aU s,t e K. By 
16.121 again, we have 

for all s, t G K* in cases B and F and 

a;a(0, 0, 5)™i=(-)™B(^o(o,o,t)) ^ ^^^q^ ^^2^ 
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for all s,t E K* in case G. Bv l3. 181 again, this time with g — Xa{Q, t^) or Xa{0, 0, t) 
and u — Xa{0, s^) or Xq(0, 0, s), it follows that 

iy{s'^t) = iy{t) + 2v{s) 

for all s,t G K* in all three cases. ^From this identity, we thus obtain 

vish"^) = v{t^) + 2v{s) 

for all s, t e K* and (setting t = 1) 

v{s^) = 2v{s) 

for all s G K* . Therefore 

v{st) = v{s) + v{t) 

for all s,t G K*. Since |^a(C/*)| > 1 bv [3111 it follows from [U and O that 
|z^(i4r*)| > 1. Thus I' is a valuation of K. 

It remains only to show that v{u) > implies that v{vP) > 0. Let u be an 
element of K* such that ^{u) > (and hence z^(u^) = 2i'{u) > 0). Suppose first 
that we are in case B or F, so 

in S. By (VI), therefore, 

(0, 

Hence hyUM 

v{l + + u^) > min{0, j^(m^)} = 0. 
It follows that i^{u'^)>0. 

Suppose now that we are in case G, so 

(l,0,0)-(0,0,u) = (l,0,u) 

in T. By (VI), therefore, 

(1, 0, u)) > mm{(pa{Xa{l, 0, 0)), (pa{Xa{0, 0, u))} . 

Hence by[L3 

v{u^ - - 1) > min{0, iy{u^)} = 0. 
Again we conclude that i'{u^) > 0. □ 

The converse of 17. H is also valid: 

Theorem 7.4. Let A, E, $, a, Xq,, etc. be as in \6.6\ and \6.12[ Suppose that v is a 
9-invariant valuation of K and let ipa be the map given in \ 7. ^| (in cases B and f) 
or \7.3\ (in case G). Then ipa extends to a valuation of the root datum of A based 
at E. 

It would not be hard to prove this result directly. The principal difficulty is to 
show that 

(7.5) i^{R{{s,t) ■ {u,v))) > mm{i^{R{s,t)),i^{R{u,v))} 
for all (s,t), {u,v) G S and 

(7.6) v{N{{r,s,t) ■ {w,u,v))) > min{iy{N{r,s,t)),v(N{w,u,v))} 

for all (r, s, i), {w, u, v) G T. These inequalities are required to verify (VI). 

Rather than prove Fm directlv. however, we will prove a stronger result (|7.7H7.11"|) 
which will have 17.41 (and thus also the two inequalities 17.51 and 17. 6p as corollaries. 
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In Section 9 we include a direct proof of the inequalities 17.51 and 17.61 only because 
it might be of some independent interest. See also 9.1.10 in [2]. 

Notation 7.7. Let $, A, A and r be as in[6?ll let A, A, S and E be as m\6M 

let W be the Weyl group of let W be the restriction of the centralizer of r in 
W to the subspace A and let W be the group of all isometrics of A generated by 
W and all translations of A. Let be a 6'-invariant valuation of K, let p be the 
automorphism of A described in l5.3l i. let $ be identified with the set of roots of S 
via the map called tt in 16.51 and let ip denote the p-invariant valuation of the root 
datum of A based at S determined by as described in 15.151 Let {X,A) be the 
Bruhat-Tits space of type $, A the apartment of {X,A) and xa the point of A 
obtained by applying [416] to A, S and (p. The pair {X,At) defined as in 14.41 can 
also be thought of as the Bruhat-Tits space of type $ obtained by applying 14.161 
to A, E and (p, but only after identifying $ with the set of roots of E via n o t 
rather than tt. By the uniqueness assertion in I4.16[ there exists a r-automorphism 
p of {X,A) (as defined in 14. 4p that induces the automorphism p on A and maps 
the pair {A, xa) to itself. This map satisfies 

(7-8) P o Ia,^^ = fA,XA ° ^' 

where Jaxa ^ defined in 14.81 Let Ap denote the set of charts f & A such 

that p maps the apartment /(A) to itself and acts trivially on /(A), let 

A^{f\A\feAp}, 

and let 

(7.9) X- y /(A). 

Thus X is contained in the fixed point set X^ of p. Bv l7.8[ G Ap and hence 

(7-10) A:=4,JA) 

is a subset of X and xa = j a xJ^^ ^ point of A. 

Here now is our main result: 

Theorem 7.11. Let $, v, (X^A), A and xa be as in \7.T\ Thus, in particular, v 
is a 9-invariant valuation of K . Then the following hold: 

(i) The pair {X, A) is a Bruhat- Tits space of type $ whose building at infinity 
is A (in the sense of \4-14\ if the rank of A is one) and A is an apartment 
of(X,A). 

(ii) Let a G ^ be as in \6.12\ and let ip be the valuation of the root datum of A 
based at S that appears in \4-.12\ ii when^jA^ (and then \4-.15\ l is applied to 
the triple {X, A) , A and xa ■ Then there exists a valuation vi equivalent to 
V such that satisfies \7.'^ or \7.3\ with vi in place of v. 

Note that 17. 41 is a consequence of 17.111 

8. The Proof ofEUT] 

For the rest of this paper, we let A, A, {X,A), (A,W), r, p, $, (A,W), 
{X,A), A, XA, fp, etc. be as in 17.71 Let X^ denote the set of fixed points of p. 
We prove [7TT] in a series of steps. 
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Proposition 8.1. Suppose that Ai is an apartment of{X,A). Then the following 
are equivalent: 

(i) Ai is p-invariant and contains at least one sector fixed by p. 

(ii) There exists a chart fi in Ap such that p o fi — fi o r. 

(iii) Ai is the image of a chart in Ap . 

If fi is as in (ii), then XP (1 Ai = X n Ai = /i(A). 

Proof. Let / be a chart in A such that Ai = /(A). Suppose first that Ai is 
/9-invariant and that there exists a sector 5* of $ such that 

(8.2) pif{S))^f{S). 

By 14.41 there exists f € A such that p o f = for. Since Ai is p-invariant, 
also /'(A) equals Ai. By (A2) fin 14. 2p . therefore, there exists w G W such that 
f ~ f o w. Thus 

(8.3) pof — foWOT. 

By I8.2[ it follows that wot fixes S. Thus w o r is a non-trivial automorphism of 
!]($) fixing S. There is only one such automorphism. Since r also fixes a sector 
of $ and W acts transitively on the set of sectors of $, it follows that there exists 
wi Q W such that w o t — wi o t o Wi . Let fi — f o wi. Then fi £ Ahy (Al) and 

P°fl=f>°f°Wi 

— f O W O T O Wl 

= foWlOT^flOT 

bv 18.31 It follows from this identity that p acts trivially on /i(A), so /i G Ap (but 
p does not fix any other points in Ai, so X^ O Ai — X D Ai = /i(A)). Thus (i) 
implies (ii) . It now suffices to observe that if /i is a chart in Ap whose image is Ai , 
then bv l6.2l iv. p fixes /i(<S') for every r-invariant sector S* of $. □ 

Proposition 8.4. Let f and fi be two charts in Ap such that A\ :— /(A) = /i(A). 
Then 

/(A) = /i(A) = i:'^nii = xnii. 

Proof BylO it suffices to assume that pofi = f^or and X^dAi = XnAi = fi{A). 
Thus /(A) C XPnAi ^ A (A). By (A2), therefore, there exists w S W such that 
fiow and / coincide on A. Thus fi{w{A)) — /(A) C /i(A) and hence w maps A 
to itself. Therefore A (A) = /(A). □ 

Proposition 8.5. Let x Cz X and let g^ be as in \4-.10\ Then the set of fixed points 
of p in the residue {X,A)x has the structure of a building of type $ and for all 
f G Ap mapping to x, gx{f{A)) is an apartment of this building. 

Proof. Bv 14.101 {X,A)x is a building of type $ whose apartments are all of the 
form gx{f{A)) for some f £ A. The conclusion holds, therefore, by applying 16.51 to 
this building and the automorphism of this building induced by p. □ 

Corollary 8.6. Let x G X , let ii be a germ at x fixed by p and let f be a chart in Ap 
mapping to x. Then there exists a sector with vertex x in the apartment gx{f{A)) 
that is fixed by p and whose germ is opposite a maximal germ at x containing u. 
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Proof. The germ m is a face and gx{f{A)) is an apartment of the building of type 
described in 18.51 Since the apartment gx{f{-^)) is p-invariant, a sector with vertex 
X in this apartment is fixed by p if and only if its germ is fixed by p. The claim 
follows, therefore, from the fact that for each chamber C and each apartment E in 
a spherical building, there always exists a chamber in S which is opposite C. □ 

Proposition 8.7. Let Ai be the image of a chart fi in Ap. Then the map 

is a bijection from the set of sectors of Ai that are fixed by p to the set of sectors 
o//i(A), i.e. to the set of images under fi of sectors of^. 

Proof. By 16.21 the map S* i-^ S* n A is a bijection from the set of sectors of $ that 
are fixed by r to the set of sectors of $. If S is any one of these sectors, then 

fi{SnA)^h{S)nxhyE^ □ 

Proposition 8.8. The pair {X,A) is a non-discrete Euclidean building of type $. 

Proof. We need to show that {X,A) satisfies the conditions (Al)-(A6) formulated 
ingi] 

Let f E A and w E W. There exist elements / in Ap and w in the centralizer 
of r in W such that / is the restriction of / to A and w is the restriction of w to 
A. Since {X,A) satisfies (Al), we have f o w E A. It follows that f ow E Ap since 
f{w{A)) = /(A) and /(w(A)) = /(A). Thus {X,A) satisfies (Al). 

Next let /,/' E Ap. Since {X,A) satisfies (A2), the set 

M:={veA\ f{v) E /'(A)} 

is closed and convex and there exists w E W such that the maps / and f'ow 
coincide on M. Let 

M:={vEA\ f{v) E /'(A)}. 

Then M C M n A. Let u g M n A. Thus u e A and f{v) = f'{v') for some v' E A. 
Since / E Ap, the point f{v) is a point of /'(A) fixed by p. Since also /' E Ap, it 
follows by[8?lthat v' E A and hence v E M. We conclude that M = M n A. Since 
M is closed and convex, it follows that M is also closed and convex. 

To finish showing that {X,A) satisfies (A2), we can assume that \M\ > 1. By 
(Al), we can assume further that the origin is contained in M and that w fixes 
0, so w E W. Let and fl be as in 14.111 and let S denote the building of type 
$ described in 18.51 Bv l6.2l iv. we can think of the r-invariant faces of S($) as the 
faces of S($). Thus /* and fl both map E(<I>) to apartments of the building S. 
In cases B and G, an apartment of S is an arbitrary two-element set of chambers. 
In case F, an apartment of S is a circuit consisting of 16 chambers and 16 panels 
and two distinct apartments intersect either in a connected piece of this circuit 
(possibly empty) or in two opposite panels. Let Y be the set of all faces of S(<1>) 
which are mapped by to (!]($)). Thus either Y = S($), F is a simplicial arc 
in S(<I>) (possibly empty) or we are in case F and Y consists of two opposite panels 
(i.e. two opposite non-maximal faces). The map (/^)^^ o from Y into S(<I>) is 
type-preserving (since the maps /* and fl are type-preserving) and if Y consists of 
two opposite panels of a given type, then {fi)~^ {f*{Y)) consists of two opposite 
panels of the same type (since the maps /* and fl both map opposite panels to 
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opposite panels). Thus in every case there exists an element wi in the centralizer 
of T in such that and o wi coincide on Y. 

Let z be an arbitrary non-zero element of M and let z' = w{z). Since M is 
convex, it contains the closed interval [0, z]. Let F be the unique minimal face 
of that contains [0, z]. Since / and f'ow coincide on M, we have z' E A 

and f{z) = f'{z'). If F' is the minimal face of that contains [0, z'], then 

f{F) — f'{F'). Therefore F E Y (and, in particular, Y is not empty). Thus 
fi{P') — f*{P) ~ fi{'U'i{F)) by the conclusion of the previous paragraph and 
hence F' = wilF). It follows that w{z) — z' £ ■wi{F), so the points z and Wi^w{z) 
are both contained in the face F. Since every point of A distinct from the origin is 
contained in at most one face of $ of a given type and the stabilizer of a face in W 
acts trivially on that face, it follows that wi{z) — w{z). We conclude that /' o wi 
coincides with / on M. Thus {X,A) satisfies (A2). 

Now let x,x' G X. Since {X,A) satisfies (A3), there exists an apartment Ai 
of {X,A) containing the interval [x,x'] (as defined in 14. 6p . Bv 17.91 there exist 
/, /' G Ap such that X G ./"(A) and x' G /'(A). Since p fixes x and x' , it fixes the 
point gx{x') of the residue {X,A)x defined in 14. 101 Let F be the unique minimal 
face of the apartment Ai with vertex x whose germ contains the point gx{x') and 
let ii denote the germ of F. The germ ii is fixed by p (since otherwise uP would be 
disjoint from ii). Bv 18.61 the apartment gx{f{A)) contains a sector with vertex x 
which is both fixed by p and whose germ is opposite a maximal germ at x containing 
■it. By Lemma 1.13 in [6], there exists an apartment A2 containing 5*1 U F. Thus 
[x,x'] C F C A2. The convex closure of Si U {x'} is a sector of A2 with vertex x' 
which contains the interval [a;,a;']. We denote this sector by 52. Since p fixes Si 
and x', it fixes 5*2 as well. By a second application of 18.61 there exists a sector S3 
with vertex x' in the apartment /'(A) that is fixed by p and whose germ is opposite 
the germ of 5*2 at x' . By Lemma 1.12 in [6], there exists a unique apartment A3 
containing ^2 U ^3. This apartment contains [a;, a;'] (since S'2 contains [a;,a;']) and 
is p-invariant (since ^2 and 6*3 are p-invariant). Bv 18.11 there exists a chart fi in 
Ap such that A3 = /i(A) and x,x' G ./i(A). Thus {X,A) satisfies (A3). 

Let S and S" be two sectors of X. Bv l8.71 there exist p-invariant sectors S and 
S' of iX,A) such that 5 = 5 n X and S" = 5' n X. The chambers S°° and {S')°° 
of {X,A)°° are contained in a p-invariant apartment of {X,A)°°. This apartment 
is of the form A'^, where Ai is a p-invariant apartment of {X,A). The apartment 
Ai contains sectors Si and S'l such that Si C S and S[ C S' . Let S'2 = n p{Si) 
and S'2 = S[ri p{S[). The intersection of two subsectors of a given sector is again a 
subsector. It follows that S'2 is a subsector of S and S'2 is a subsector of S". Since 
p"^ = 1, both of these subsectors are fixed by p. Bv l8.ll therefore, Ai = /i(A) for 
some fi G Ap. Hence bv 18.71 S2 C) X and S2 n X are subsectors of S and S' both 
are contained in /i(A). Thus {X,A) satisfies (A4). 

We turn now to (A5). A root of {X, A) is the image under a chart in Ap of Ha 
for some a G $, where Ha is as in 13.41 Let Ai and A2 be the images of two charts 
in Ap such that ^1 n ^12 n X contains a root (3 of {X, A) but AiHX ^ A2nX. By 
( A2) , the set Ai n ^2 H X is closed. We can therefore choose a point x in this set 
such that the apartments Si := gx{Ai) and S2 ■— ffa;(^2) of the residue of {X,A)x 
are distinct. For i = 1 and 2, let be the set of chambers of fixed by p. Then 
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and E2 both span apartments of the building S of type <i> defined in l8.5l Let S 
be a sector contained in the root /3. Then the convex huU 5" of {x} U is a sector 
with vertex x and and S2 both contain the unique chamber of S that contains 
gx{S'). It follows that n contains a root of both and 'E^^- On the other 
hand, 7^ Ej since otherwise Ei n E2 would contain a pair of opposite chambers. 
Two distinct apartments of a spherical building whose intersection contains a root 
intersect in a root and their symmetric difference spans a third apartment. Thus 
the symmetric difference of E^ and Ej spans a third apartment of S. Let iii and U2 
be two chambers in this apartment that are opposite in S and hence also opposite 
in the residue {X,A)x- There exist unique sectors Si and 5*2 of Ai and A2 with 
vertex x whose germs are ui and U2, and by Proposition 1.12 in [B] there exists an 
apartment A3 containing these two sectors. In particular, x ^ Ai O A2 O A3 O X . 
Now suppose that A' is the image of a chart /' in Ap such that both A' O Ai D X 
and A' A2 n X contain roots of {X,A) that are disjoint from Ai 11 A2 O X. By 
18.71 /'(A) contains subsectors of both Si O X and S2 C) X and hence A' contains 
subsectors of both Si and S2 ■ Thus A' = A3 since A3 is the convex hull of any two 
sectors, one contained in Si and the other in S'2. Therefore x S n A2 n A'. Thus 
{X,A) satisfies (A5). 

Let d be the metric on X that appears in (A6). The restriction of d to X is a 
metric on X, and each chart in A is the restriction to A of a chart in A. Therefore 
{X, A) satisfies (A6) with the restriction of d to X in place of d. □ 

Proposition 8.9. The building A is the building at infinity of(X,A) (in the sense 
of \4-14\ cases B and G). 

Proof. Bv l8.7[ there is a canonical bijection it from the chamber set of (X, A)°° to 
the set of all chambers S°° of {X,A)°° = A such that 5' is a sector of {X,A) that 
is fixed by p. If Si is an arbitrary sector of {X, A) such that S"^ is fixed by p, then 
52 := 51 n S'f is a sector of iX,A) fixed by p such that 5f° = S'f'. It follows that 
TT is, in fact, an isomorphism from (X,A)°° to A. Furthermore, the conclusions of 
14.121 hold for {X,A) and A, even in cases B and G, bv 14. 121 applied to {X,A) and 
K7\ □ 

Bv 18.81 and 18. 9[ we conclude that IT.lll i holds. Now let a e $ and ip be as in 

[miu. 

Proposition 8.10. There exists a positive real number k (which depends on the 
case) such that 

ipaixa{0,t)) = k ■ v{t) 
for all t G K* (or t Cz L* ) in case B or F and 

ipc,{xo.iO,0,t)) = k ■ iy{t) 

for all t £ K* in case G. 

Proof. Suppose first that we are in case G. We use the notation from the proof of 
16.121 Bv l6.13[ in particular, we have 

Xa{0,0,t) = Xai{t)Xa^{t) 

for all t £ K. Since t interchanges 04 and ds, there exists a positive real number k 
such that for all t £ K* , the affine half-spaces Ha^^i,{t) and H^^^^(^f-j (as defined in 
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I4.12|) both intersect A (which is the space of fixed points of t) in an affine half-space 
of the form H^^k-i^it)- Choose t £ K* , let u — Xa^it), let y — Xa^{t) and let z — uy. 
Then 

and 

bv l4.12l ii and l5.15l Suppose that z fixes a point a; in A which is not in 
Choose x' in 

but not in fj^^A^^^' ^i'^*^^ ''^ ^^'^ V both fix a;', so does z. Thus z fixes every 
point in the interval [x,a;']. This interval contains points, however, which are in 
fA.XA^^atMit)) or fA,XA^^'^5.i'{t)) but not in both. These points are fixed by u or 
y but not both. Hence they cannot be fixed by z. We conclude that 

Bv l4.81 fA,XA is the restriction of ^ to A. Thus t^a{xa{Q, 0, t)) = k ■ v{t) for all 
teK*. ' 

The proof in cases B and F is virtually the same as the proof in case G; we leave 
the details to the reader. □ 

By 17.11 there exists a 6'-invariant valuation vi such that cpa satisfies 17.21 or 17.31 
with i/i in place of ly. By I8.10[ it follows that j^i is equivalent to v. Thus I7.11l ii 
holds. This concludes the proof of l7.11l 

* * * 

Here, finally, is a precise version of the remark Tits made in (12j that was dis- 
cussed in the introduction. 

Theorem 8.11. Bruhat-Tits spaces whose building at infinity (in the sense of \4-14\ 
if the rank of A is one) is a given Suzuki-Ree building A. (in the sense of lg.^p defined 
over a triple {K,9,L) (in case B) or pair {K,9) (in cases f or G) are classified by 
6-invariant valuations of K . Equivalent 6-invariant valuations of K correspond to 
equivalent Bruhat-Tits spaces (in the sense of \4-5\ l. 

Proof. Let A be a Suzuki-Ree building defined over the triple (K, 6, L) in case B or 
the pair [K, 9) in cases F or G, and let a and Xa be as in l6.12l fwith respect to some 
apartment S of A). Suppose that v is a, ^-invariant valuation of K. Bv l7.4[ there 
exists a valuation of the root datum of A based at E satisfying 17.21 or 17.31 By 
13.161 ip is unique up to equipoUence. Bv 14.161 f determines a unique Bruhat-Tits 
space {X, A) having A as its building at infinity. Bv l4.15( any valuation equipollent 
to if determines the same Bruhat-Tits space. 

Suppose, conversely, that [X, A) is a Bruhat-Tits space whose building at infinity 
is A. By 14.161 (X, A) determines a valuation of the root datum of A based at E 
which is unique up to equipoUence. By 17.11 this equipoUence class determines a 
unique 0-invariant valuation v oi K such that 17.21 or 17.31 holds for some valuation 
in this equipoUence class. □ 
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9. Appendix 

The inequalities 17.51 and 17.61 hold bv 17.41 and the condition (VI). In this section 
we give an elementary proof of these inequalities which might be of independent 
interest. In fact, we only give a proof of 17.61 the interested reader will have no 
trouble applying the same strategy to the inequality 17.51 The proof we give is 
based on a suggestion of Theo Grundhofer. 

We suppose that we are in case G and that is a 6'-invariant valuation of K. As 
in 16. 101 we have 

(9.1) iV(r, s, t) = r'+'s' - rt' - r'+'s - r^s^ + 3'+' +t^- r^'>+'' 

for all (r, s, t) in the group T. 

Lemma 9.2. Let (r, s,t) d T and suppose that the minimum of vir), v{s) and vit) 
IS 0. Then iy{N{r,s,t)) = 0. 

Proof. The Tits endomorphism 9 induces a Tits endomorphism of K. We let 9 
denote this endomorphism and let N be the map obtained by applying the formula 
[Qto the pair {K, 9) rather than {K, 9). Bv [6?TT1 N is anisotropic. □ 

Lemma 9.3. Let {r,s,t) e T, let A = (2^3 + 4)i^(r),, let B = (VS + l)u{s), let 
C — 2v{t) and let M be the minimum of A, B and C. Then v(j^{r^s,t)^ — M. 

Proof. We can assume that {r,s,t) ^ (0,0,0). Suppose first that M = A. Then 

A(l, t//+2) = N{r, s, t)/r^'+^ 

bv l9.ll Moreover, j/(s/r^+^) and v{t/r^^'^) are both non-negative since B > A and 
C > A. Hence 

iy{N{l,s/r''+\t/r^+^)) = 

byO It then follows that j/(iV(r, s, t)) = i'{r^'>+'^) ^ A^M. 
Suppose next that M — C. In this case, we observe that 

N{r/t^-'^,s/t'>-\l)^N{r,s,t)/t^. 

Moreover, v{r/t^~^) and v{s/t^^^) are both non-negative. Hence 

v{N{r/e-<^,slt'-\l))=0 

byO It then follows that v{N{r, s, t)) = v{t^) = C M. 

It suffices now to assume that M = B and that B is strictly less than both A 
and C. In this case, j/(s^+^) is strictly less than the value under f of each of the 
remaining six terms on the right hand side of l9.11 Therefore i'{N{r, s, t)) = B = M . 
□ 

Now let {r, s,t), {w,u,v) £ T and let M be the smaller of the two constants 
obtained by applving 19.31 first to (r, s,i) and then to {w,u,v). Thus 

(9.4) v{r), iy{w) > Af/(2V3 + 4) 
as well as 

(9.5) j/(s),j/(w) > M/(V3+ 1) 
and 

(9.6) v{t),iy{v) > M/2. 
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As in 16. 101 we have 

(r, s, t) ■ {w, u, v) = {r + w, s + u + r^w, t + v — ru + sw — r^^^w). 

Let a = (2^3 + 4)i^(r + w), let 5 = (\/3 + l)iy{s + u + r^w) and let 

c = 2v[t + u — rw + sw — r^'^^w). 

By [HHSSl we have (2\/3 + A)v{x) > M ior x ^ r and x ^ w; {VS + l)iy{x) > M 
for X = s, X = u and x = r^w; and 2i'{x) > M for x equal to each of the five terms 
in the sum 

t + V — ru + sw — r^'^^w. 
Hence a,b,c> M. By 19.31 therefore, 

v{{r, s, t) ■ {w, u, v)) > M = min|i'(iV(r, s, t)) , v{N{w, u, w)) } . 
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